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Abstract. We show that the maximal future development of asymp- 
totically fiat spherically symmetric black hole initial data for a self- 
gravitating nonlinear scalar field, also called a Higgs field, contains a con- 
nected, achronal, spherically symmetric marginally trapped tube which 
is asymptotic to the event horizon of the black hole, provided the ini- 
tial data is sufficiently small and decays like 0(r - '), and the potential 
function V is nonnegative with bounded second derivative. This result 
can be loosely interpreted as a statement about the stability of 'nice' 
asymptotic behavior of marginally trapped tubes under certain small 
perturbations of Schwarzschild. 



1. Introduction 

Black holes lie at the core of many current efforts to further our under- 
standing of gravitation. Questions surrounding their existence and proper- 
ties are central to some of the most significant open problems in mathemati- 
cal relativity, while a major focus in numerical relativity is locating evolving 
black holes in simulations, and considerable research in physics communi- 
ties is dedicated to carrying over concepts from quantum mechanics to black 
hole regimes. In all of these contexts, certain spacetime hypersurfaces known 
as marginally trapped tubes (MTTs) play an important role. (Marginally 
trapped tubes of certain causal characters are often referred to as dynamical 
or isolated horizons in the physics literature.) On one hand, mathematically, 
these hypersurfaces generally lie inside of black holes and can be thought of 
as forming boundaries between the regions of weak and strong gravitational 
fields. Understanding their behavior thus sheds some light on the portions 
of black holes' interiors in which singularities and/or Cauchy horizons may 
form. On the other hand, numerical relativists and physicists, e.g. those 
developing loop quantum gravity, have largely set aside the traditionally- 
defined event horizon and instead use MTTs as models of surfaces of black 
holes [12} [3] ; the advantage of the latter is primarily that they are defined 
quasi-locally, whereas the former notion requires global information. In any 
case, whether interpreting MTTs as black hole surfaces or just interesting 
structures inside them, it is useful to characterize their long term behavior 
and its relationship with classical event horizons. 
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There is a general expectation that MTTs that form during gravitational 
collapse become spacelike or null and asymptotically approach the event 
horizon. Essentially nothing is currently known about the asymptotic be- 
havior of MTTs in general, however, i.e. without symmetry. Indeed, it 
follows from the existence results of Andersson, Mars, and Simon [U [2] 
that a general black hole spacetime may contain uncountably many distinct 
MTTs, and in fact, there may be open sets of points having the property 
that each point lies on uncountably many distinct MTTs. It is an open 
problem whether any one of these MTTs need be asymptotic to the event 
horizon, much less all of them. Imposing spherical symmetry, however, the 
problem becomes simpler, since each point can lie in at most one spherically 
symmetric MTT, i.e. one foliated by round two-spheres. We can then ask 
whether this particular MTT has the expected "nice" asymptotic behavior. 
Henceforth we shall focus our attention solely on such spherically symmetric 
MTTs. 

Even in spherical symmetry, a major problem in trying to compare the 
asymptotic behavior of MTTs with classical event horizons is that the lat- 
ter are difficult to locate in general, since their definition requires global 
information. One can start by examining known exact black hole solutions 
to Einstein's equations, but unfortunately this list of spacetimes is rather 
quickly exhausted. The exact spherically symmetric black hole solutions 
are the Schwarzschild, Reisner-Nordstrdm, and Vaidya spacetimes, whose 
matter models are vacuum, electro-vacuum, and ingoing null dust, respec- 
tively. In all three of these, the (spherically symmetric) MTTs do exhibit 
the nice asymptotic behavior just described. In fact, in Schwarzschild and 
Reisner-Nordstrdm, the MTTs coincide exactly with the black hole event 
horizons. In Vaidya, provided the dominant energy condition holds, the 
MTT is achronal and is either asymptotic to or eventually coincides with 
the event horizon (3J H3] . 

General spherically symmetric black hole spacetimes satisfying only the 
dominant energy condition were considered in |13j . and it was shown there 
that if four particular inequalities involving the metric and stress-energy 
tensor are satisfied in a certain small region near future timelike infinity i + , 
the future limit point of the event horizon, then the black hole contains an 
MTT which eventually becomes achronal and asymptotically approaches the 
event horizon. It was also shown that these inequalities are satisfied in two 
families of self-gravitating Higgs field black holes. The Higgs field matter 
model is generated by a scalar field cj) satisfying the nonlinear (coupled) wave 
equation O g 4> = V'(4>), where V is some given potential function; by Higgs 
field black holes, we mean spacetimes which are assumed a priori to contain 
black holes. In particular, the hypotheses of the general theorem were shown 
to hold provided that certain quantities involving the metric, eft, and V{4>) 
either: one, decay at specified rates along the event horizon, or two, satisfy 
several rather restrictive monotonicity properties along the event horizon at 
late times. 
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Given a particular matter model, an alternate, more physical strategy 
is to recast the Einstein equations as an initial value problem and gener- 
ate spacetimes from initial data, then locate any black holes and look for 
MTTs inside them. This program has been successfully carried out for sev- 
eral matter models. In particular, the maximal development of spherically 
symmetric asymptotically flat initial data for the Einstein equations cou- 
pled with a scalar field, the Maxwell equations and a real scalar field, or 
the Vlasov equation (describing a collisionless gas) does indeed contain an 
MTT which is asymptotic to the event horizon [4], [10] , [9]. Furthermore, 
in the scalar field cases, the MTT is necessarily achronal. 

In this paper we reconsider the problem for Higgs field spacetimes, this 
time taking the latter approach and beginning with asymptotically flat 
spherically symmetric Higgs field initial data. In order to circumvent the 
difficulties associated with the global existence problem for the Einstein 
equations, we rely on the general results of [8] to tell us that as long as our 
data contains a trapped surface, contains no weakly anti-trapped surfaces, 
and generates a spacetime with nonempty future null infinity, Z + ^ 0, then 
the maximal development of the data will contain a black hole. We make 
two main additional assumptions: one, that the scalar field decays to some 
limiting value like 0(r _ 2), where r is a radial coordinate which tends to 
infinity on the asymptotically flat end; and two, that the scalar field and the 
mass flux are sufficiently small outside of the outermost marginally trapped 
sphere. We then show that the black hole generated by these initial data 
contains an achronal, spherically symmetric MTT which is asymptotic to the 
event horizon, and moreover, this MTT is smooth and connected, intersect- 
ing the initial hypersurface at precisely the outermost marginally trapped 
surface. 

A few remarks are in order. First, this result is considerably stronger 
than those of [13], since the Higgs field black hole generated under the 
assumptions just described need not satisfy either set of conditions along the 
event horizon mentioned previously; the latter are much more restrictive. 
Secondly, it should be emphasized that, unlike previous results, here we 
locate the whole (connected) future development of the MTT emanating 
from the Cauchy surface, rather than just a small portion of it near i + . 
And thirdly, this result can be loosely interpreted as a statement about 
certain small perturbations of Schwarzschild. Suppose we take a spherically 
symmetric, spacelike slice of a Schwarzschild spacetime which extends from 
an inner boundary inside the black hole region out to spacelike infinity i°, 
and suppose we perturb the vacuum metric on this slice to one given by 
a very small, decaying Higgs field, say with compact support. Then the 
result of this paper says that, while the perturbed MTT may not coincide 
exactly with the event horizon as it does in Schwarzschild, it will still be 
achronal and connected and will asymptotically approach the event horizon 
from inside the black hole. 
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2. Preliminaries 

The spacetimes we wish to consider are characterized by the following four 
properties: their matter is described by a Higgs field matter model satisfying 
the dominant energy condition; they are spherically symmetric; they arise 
evolutionarily, i.e. as maximal future developments of asymptotically flat 
initial Cauchy data prescribed on spacelike hyper surf aces; and the Cauchy 
data from which they arise is physically reasonable black hole data. We 
describe the details of each of these requirements below. It should be noted 
that we do not deal with the Cauchy problem and the issue of specifying 
initial data per se. Instead we posit those conditions which are necessary to 
address the situation at hand, i.e. the evolution of a spherically symmetric 
black hole, and then in the statement of the main theorem identify further, 
more restrictive conditions on the data which guarantee the existence and 
desired behavior of a unique spherically symmetric marginally trapped tube 
inside the black hole. 

2.1. Higgs field matter model & dominant energy condition. The 

Higgs field matter model on a spacetime (A4 , g) consists of a scalar function 
(f) G C 2 (M) and a potential function V(4>), V £ C 2 (R), such that 

(1) Ra/3 — ^R9al3 = 2T a/ 3 

(2) T aj3 = (j). a (f)^ - (|0 ;7 ;7 + V{4>)) g aj3 
and 

(3) □^ = ^ ; ^ = y / (^). 

The dominant energy condition stipulates that, for a vector field £ a on jVl, 
—Tq^p is future causal wherever is future causal. Using the spherical 
symmetry of the metric described below, namely the decomposition of the 
metric given by (j4]), one readily computes that the dominant energy con- 
dition is satisfied if and only if V{4>) > everywhere on M. We therefore 
assume a priori that the potential function V is an everywhere nonnegative 
function of its argument. 

2.2. Spherical symmetry. A self-gravitating Higgs field spacetime (or 
Cauchy surface) is said to be spherically symmetric if the Lie group SO (3) 
acts on it by isometries under which (p remains invariant, with orbits which 
are either spacelike two-spheres or fixed points. We shall in fact make 
a slightly stronger assumption, that in addition to A4 admitting such an 
S*0(3)-action, the quotient Q = M./SO(3) inherits from M. the structure 
of a 1+1-dimensional Lorentzian manifold, possibly with boundary, with 
metric g such that 

(4) g = g + r 2 ^. 

Here 7 is the usual round metric on S 2 , and r is a smooth nonnegative func- 
tion on Q, called the area-radius, whose value at each point is proportional 
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to the square root of the area of the corresponding two-sphere upstairs in 
M.. Since it is preserved by the SO(3)-action, the function <f> descends to a 
function Q. The advantage of such an assumption on the set Q is that such 
features of (A4,g) as black holes, event horizons, and spherically symmetric 
marginally trapped tubes are preserved and may be studied at this quotient 
level. 

We further assume that Q admits a conformal embedding into a subset of 
2-dimensional Minkowski space M 1+1 . Such an embedding preserves causal 
structure, so identifying Q with its image under this embedding, we make 
use of the usual global double-null coordinates u, v on M 1+1 to write 

g = —Q^dudv, 

where £1 = £l(u,v) > on Q. (In our Penrose diagrams, we will always 
depict the positive u- and v-ax.es at 135° and 45° from the usual positive 
x-axis, respectively.) Since now (j> = <p(u,v) and r = r(u,v) as well, we can 
rewrite ([I])-© as a system of pointwise equations on Q: 

(5) d u (n- 2 d u r) = -rn- 2 {d u <t)) 2 

(6) d v (Q- 2 d v r) = -rQ- 2 (d v (f>) 2 

(7) 8 u m = r 2 (V(<j))d u r-2n- 2 (d u cP) 2 d v r) 

(8) d v m = r 2 (V{(f))d v r -29,- 2 {d v cp) 2 d u r) 
and 

(9) V'{</>) = -4JT 2 [d 2 ^ + d u( t> (8 V log r) + d v <j, (d u log r)) , 
where 

(10) m = m(u, v) = r -(l-g (Vr, Vr)) = ^(1 + 4ir 2 cV<V) 

is the Hawking mass. Note that the null constraints ([5]) and ([6]) are just 
Raychaudhuri's equation applied to each of the two null directions in Q. 
Since we can pass back and forth between (Ai, g, (ft) and (Q, £1, r, (j)) without 
losing information, we may work directly on Q without any loss of generality. 

2.3. Evolution from asymptotically flat initial data. Next we assume 
that our spacetime arises as the future evolution of initial data for the 
Einstein-Higgs system (JI])-([3]). In particular, we require that (A4,g) be the 
maximal future Cauchy development of initial data prescribed on a spheri- 
cally symmetric spacelike hypersurface £ C A4. Since X is preserved under 
the 5"0(3)-action, it descends to a spacelike curve S C Q, and our assump- 
tion upstairs implies that on the quotient level we have Q = D + (S); in 
particular, S is the past boundary of Q. The remaining assumptions on 
initial data may be formulated directly on S. 

We further assume that the initial hypersurface S has at least one as- 
ymptotically flat end, and for simplicity, we focus our attention on a single 
such end. Here asymptotic flatness means first of all that S is a connected 
spacelike curve along which r — > oo in one direction, say the direction of 
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increasing v; the other end may or may not have boundary. Without loss of 
generality we assume that r is strictly positive on S. Moreover, we require 
that the metric and stress-energy tensor approach the Euclidean and vac- 
uum ones, respectively, as r — > oo along S. By inspection of (Jlj), it follows 
that for Higgs initial data, Vcj> and V{4>) — > along S. We therefore assume 
that — ► 0+ along S and that V(<f>+) = 0, where the limiting value (f>+ 
is some finite constant. From our assumption in Section 12.11 that V > 
uniformly, it then follows that V(^> + ) = as well. Lastly, we assume that 
the Hawking mass m is uniformly bounded along S. 

We remark that the requirement that eft have a finite limit along S results 
in a slight loss of generality, since we are excluding possibilities such as 
(f) ~ logr with lim a; _ +00 V(x) = 0. However, this drawback is outweighed by 
the advantage of being able to estimate V(<j>) and V'(4>) in terms of <j> using 
the mean value theorem. 

For definiteness let us assume that Q C [0,uq] x [-y ,oo) C M 1+1 , some 
U0: v > 0, and that in particular v —* oo along S. We abuse notation 
somewhat to allow Q to include points along the "ray" [0, uq] x {oo}, so as 
to be able to refer to points "at infinity," e.g. spacelike infinity i°, future 
timelike infinity i + , and future null infinity 2 + . (We could achieve the 
same end more rigorously by requiring our embedding Q M 1+1 to be a 
conformal compactification, but the certain core elements of the proof of the 
theorem are clearer with v scaled to have infinite range on Q.) Constant-u 
curves are said to be outgoing and constant-?; ones ingoing. 

2.4. Physically reasonable black hole data. Finally we suppose that 
the asymptotically flat initial hypersurface S is equipped with physically 
reasonable black hole initial data. By this we mean three things: one, that S 
should contain at least one (spherically symmetric) closed trapped surface; 
two, that S should not contain any (spherically symmetric) weakly anti- 
trapped surfaces; and three, that the data should decay sufficiently rapidly 
toward the asymptotically flat end to insure that future null infinity Z + ^ 0, 
where I + is defined as in [8] . We introduce relevant definitions and discuss 
the first two of these requirements in greater detail in the next section. As 
for the third assumption, we do not address here the issue of precisely what 
rate of decay is sufficiently rapid to insure that future null infinity Z + ^ 0, 
we simply assume our initial data has this property. Alternately, we could 
avoid all discussion of decay by taking 4> and to be compactly supported 
on S and assuming V(0) = 0; Birkhoff's theorem [11] would then imply 
that our spacetime contains a region isometric to an exterior region of the 
Schwarzschild spacetime and would thus guarantee that I + ^ 0. 

With these assumptions in place, it now follows from [8j that Q contains 
a black hole region. In particular, 2 + is complete with future limit point i + 
and past limit point i°, the black hole region is B := Q\ J _ (X + ), and its event 
horizon is H := d (Q \ J~(2 + )) Pi Q. (Here and henceforth, set boundaries 
and closures are to be taken with respect to the topology of M 1+1 rather 
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than the relative topology of Q.) See Figure Q] for a representative Penrose 
diagram. The event horizon necessarily has the property that sup pgW r(p) = 
r + < oo. 




Figure 1. A spacetime generated by "physically reasonable 
asymptotically flat black hole initial data" as described in 
Sections \2.tA and \2.4\ The existence of the black hole B = 
Q \ J~(Z + ) is guaranteed by [8], given that S contains a 
trapped surface and that Z + ^ 0; 7i is its event horizon. 



2.5. Regions 1Z, T, and A. The characterization of a closed spacelike two- 
surface S in M. as trapped, marginally trapped, weakly anti-trapped, etc., 
depends on the signs of the inner and outer future null expansions, 9 + and 
on S. These expansions are defined as follows: if £ + and £~ are two 
future-directed null vector fields normal to S, with £ + pointing towards the 
asymptotically flat region and £~ away from it, then at a point p £ S, 

e ± = div s ^ = h a H% a 

where h a p is the Riemannian metric on S induced from g. Rescaling £ + 
or £~ by a positive factor rescales the corresponding expansion but does 
not change its sign, so the signs of 9± are well-defined given .M's time- 
orientation and asymptotically flat end. We then say that S is trapped if 
both 9 + < and 9- < at all points in 5, marginally trapped if 9+ = and 
< at all points in S, and weakly anti-trapped if ^ > at all points in 
S (no restriction on # + ). By contrast, closed spacelike two-surfaces in flat 
or nearly flat space will always have 9+ > and 9- < everywhere on S. 

Because of the spherical symmetry, 9+ and 9- are constant on round two- 
spheres in Ai and therefore descend to pointwise functions on Q. Since u is 
the ingoing and v the outgoing coordinate on Q, one computes that 9+ is 
proportional to d v r and 6L is proportional to d u r. Thus the first two of the 
"physically reasonable black hole initial data" assumptions listed above are 
satisfied provided that d u r < everywhere on S and that there exists q G S 
such that d v r(q) < as well. We note also that since r tends to infinity in 
the direction of increasing v, d v r must eventually become positive along S 
in the direction of the flat end, and there must therefore exist an outermost 
marginally trapped surface along S. (Here and henceforth all trapped 
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or marginally trapped surfaces should be understood to be spherically sym- 
metric, whether or not this is made explicit.) This surface plays a large 
role in the statement and proof of the main theorem. 

Now, the object of this paper is to locate and elucidate the causal and 
asymptotic behavior of any (spherically symmetric) marginally trapped tubes 
in the spacetime. In general, a marginally trapped tube in the spacetime M 
is a smooth hypersurface, of any causal character, which is foliated by closed, 
marginally trapped two-surfaces. In our spherically symmetric setting, we 
restrict our attention to those marginally trapped tubes foliated by round 
two-spheres, in which case the tubes descend to curves in the quotient Q. 
In fact, we define three subsets of interest in Q: the regular region 

K = {(u,v) £ Q : d v r > and d u r < 0}, 
the trapped region 

T = {(u, v) £ Q : d v r < and d u r < 0}, 
and the marginally trapped tube, 

A = {(u, v) G Q : d v r = and d u r < 0}. 

Note that A is a smooth hypersurface in Q wherever is a regular value of 
d v r. 

It is clear that Q = 1ZL) AU T if and only if Q contains no weakly anti- 
trapped surfaces. We have assumed that S contains no such surfaces, and 
it turns out that this is sufficient to guarantee that none evolve: 

Proposition 1. [3 |8] If d u r < along S, then d u r < everywhere in Q. 

Proof. Let (u, v) be any point in Q. Suppose the ingoing null ray to the past 
of (u,v) intersects S at the point (u',v). Then integrating Raychaudhuri's 
equation © along this ray, we obtain 

{n- 2 d u r)(u,v) = (fl- 2 d u r)(u',v) - / r JT 2 (d^) 2 (u, v) du. 

Ju' 

By assumption d u r(u',v) < 0, so the right-hand side of this equation is 
strictly negative, and hence so is the left-hand side. □ 

Integrating the other Raychaudhuri equation ([6]) yields a slightly different 
but equally useful result: 

Proposition 2. [5, 8j // (u, v) £ T U A, then (u, v') £ T UA for all v' > v. 

Similarly, if (u, v) £ T, then (u, v') £ T for all v' > v. 

Proof. Integrating ([6]) along the null ray to the future of a point (u, v) £ Q 
yields 

rv' 

(n- 2 d v r)(u,v') = (n- 2 d v r)(u,v) - / r JT 2 (d^) 2 (n, v) dv 

J V 
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for v' > v. The right-hand side of this equation is nonpositive if d v r{u, v) < 
0, and strictly negative if d v r(u, v) < 0; both statements of the proposition 
follow. □ 

Since X + is characterized by the property that r has infinite supremum 
along any outgoing null ray with a limit point on Z + , an immediate conse- 
quence of Proposition [2] is that all trapped and marginally trapped surfaces 
must lie inside the black hole, T U A C B. 

We shall be concerned only with the connected component of TZ containing 
the exterior of the black hole J~(2 + ), so let us assume for convenience 
that TZ n S is connected, i.e. that points on S interior to p* are trapped 
or marginally trapped. Indeed, since we made no assumptions concerning 
the inner boundary of S, we can cut off any other components of S n TZ 
without affecting our hypotheses. Proposition [2] now guarantees that TZ is 
connected in Q. Figure [2] provides a Penrose diagram indicating a possible 
configuration of TZ, T, and A in Q. 




Figure 2. The regions TZ andT, shaded light and dark, re- 
spectively, are separated by marginally trapped tube A. The 
point represents the outermost marginally trapped sphere 
along S; the dashed lines inside the black hole indicate por- 
tions of the spacetime boundary, Q\Q. As depicted here, A 
need be neither achronal nor connected, but it must lie inside 
the black hole and comply with Proposition^ 

With notation in place, we now give a brief overview of the proof of the 
main theorem. Logically speaking, the proof comprises three main parts, 
though they are presented somewhat out of order in the actual proof given in 
Section El The first and most involved piece is a bootstrap argument whose 
purpose is to establish positive lower bounds for two particular quantities in 
the region TZf~){r < R} for a carefully chosen constant R. The two quantities 
in question are called k and a (defined by (|22|) and (|5lT) . respectively), 
and the constant R is chosen in such a way that TZ n {r < R} is an open 
neighborhood of TL but R is not too large. The primary tools used in closing 
the bootstrap are the smallness of initial data stipulated by the theorem and 
the energy estimates from Section 12.61 below. The second part of the proof 
shows that the component of A containing p* must be achronal and that 



10 



CATHERINE WILLIAMS 



it must extend all the way out to v = oo, i.e. either to i + or the Cauchy 
horizon. The key ingredients here are the lower bound for a obtained from 
the bootstrap and the extension principle of [8], which is known to hold for 
the Higgs field matter model. The last step of the proof is to show that if 
A terminates at the Cauchy horizon, leaving a gap between itself and Ti, 
then we can derive a contradiction essentially by integrating d\ v r twice in 
the region formed by this gap. The contradiction arises directly from the 
lower bounds on a and k obtained from the bootstrap argument in addition 
to bounds on the radial function r. 

2.6. Monotonicity & energy estimates. From Proposition Q] and our 
assumption of no weakly anti-trapped surfaces on S, we have 

(11) d u r < everywhere in Q, 
and by definition, 

(12) d v r > everywhere in 1Z U A. 

These inequalities, together with equations ©, ([8]), and the dominant energy 
condition V(x) > 0, imply that everywhere in 1Z U A we have 

(13) d u m < 
and 

(14) d v m > 0. 
Set 

(15) M:=supm(g), 



(16) mi := m(p*), 
and 

(17) n := r(p*) 5 

where corresponds to the outermost marginally trapped sphere along S 
as described in the previous section. Since S is spacelike, (fTT]) . (fT2|) and 
(fT3|h (fl"4"j) imply that r is increasing and m is non-decreasing, respectively, 
along S n 1Z toward the asymptotically flat end. Thus we have 

(18) mi = inf_m(g) 

qesnll 

and 

(19) ri = inf_r(g). 

qeSrtfl 

Note also that M < oo by hypothesis (Section I2.3p . and mi,r\ > 0, since 
(fT0|) and the fact that d v r{p*) = together yield ri = 2mi, and we assumed 
in Section HT3l that r > on S. 
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Proposition 3. For all q G TZ, 

(20) mi < m(q) < M 
and 

(21) ri < r(q). 

Proof. Given q G TZ, the outgoing null ray to the past of q must also lie in 
TZ by Proposition [2j Then (|2ip and the left-hand inequality of (|20p follow 
immediately from ([14"]) and ([18]) , or ([12]) and (fT9j) . respectively. 

The ingoing null ray to the past of a point q £ TZ may or may not lie 
entirely in TZ. If it does, then the right-hand inequality of (|20p is immediate 
from (fTBT) and (fT5j) . If not, then suppose g = (n', t/), so that the ingoing null 
ray in question is given by {(u, v) : v = v'}, and suppose (u" , v') is the point 
at which this ray intersects S. Further, let u\ and U2 be the minimum and 
maximum, respectively, of the set {u G [u",u'] : (u,v') G TuA}. It follows 
that (ui,v'), (u2,v') G A, so d v r(ui,v') = d v r(u2,v') = 0. Then applying 
inequalities (fTTT) . (fl3|) . and equation (fTOl) . we have 



v r 

m(q) < m(u2,v') = -(112, v') < ~(ui,v) = m(ui,v') < m(u",v') < M, 
so the right-hand inequality holds as well. □ 
Let k denote the quantity 

Q 2 d v r 



(22) k :-- 



4d u r 1 - 2m 



and observe that (jlip implies that k > everywhere in Q. 

We now have the necessary tools to derive the two energy estimates for 
in TZ which are crucial for the main theorem. 

Proposition 4. For any interval [ui,U2] X {v} C TZ, 

(23) -/ (^) d u r(u,v)du < M-mi, 
and /or any interval {u} x [t>i, ^2] C 

(24) / ^K^id^fi^^dv < M - mi. 



Proof. To obtain the first of these estimates, we integrate equation ([7D along 
[^1^2] x {v} and apply (j 1 1 j) . the dominant energy condition, and Proposition 
[3] to get 

mi — M < [ * r 2 (V{(f>)d u r - 2n~ 2 (d u <p) 2 d v r) (u,v)du 



in 

«2 



< 



(2r 2 n- 2 (d u (j)) 2 d v r) (u,v)du. 



— yzr si z ' ' 

Using ([22]) and rearranging the factors of the integrand, this yields ([23]) . 
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Analogously, for the second estimate, we integrate equation (jHJ) along 
{u} x [vi, V2] and apply (fT2|) . the dominant energy condition, and Proposition 
El arriving at 

M-rm > / r 2 (V(<j>)d v r - 2Q- 2 (d v (j)) 2 d u r) (u, v)dv 



> 



VI 
VI 

- (2r 2 n~ 2 (d v 0) 2 d u r) (u,v)dv. 

1 

Again, making use of (|22j) and rearranging yields (j24|) . □ 

3. Main Result 

Theorem. Consider spacelike spherically symmetric initial data for the 
Einstein- Higgs field equations with one asymptotically flat end. Assume that 
the Higgs potential function is such that the dominant energy condition is 
satisfied, i.e. 

V{x) > for all x E M, 

and assume further that 

\V"(x)\ <B<oo for all x£ M. 

As described in Section^ suppose (Q,Q,r,(f>) is the 2-dimensional Lorentz- 
ian quotient of the future Cauchy development of the initial hypersurface S 
equipped with asymptotically flat physically reasonable black hole initial data, 
with <p — > along S for some <f>+ € M, and with global coordinates (u, v) ob- 
tained from identifying Q with its image under a conformal embedding into 
M 1+1 . Let G Q be the point corresponding to the outermost marginally 
trapped sphere along S, and let 7i denote the event horizon of the black hole 
region in Q. 

Define mi, M , and k as in (|16p . (|15p and (|22p , respectively, and assume 
that there exists a constant kq such that 

(25) < k < K(q) < 1 

for all q E S. Fix a constant C such that 

rd u c, 
d u r 

Then there exist constants e > and p E (0,1), depending only on M, B, 
kq, and C, such that if 

(27) U - < onS 
and 

(28) P<^, 

then Q contains a connected, achronal, marginally trapped tube A which 
intersects S at p* and is asymptotic to the event horizon Ti ■ See Figure 
for a representative Penrose diagram. 



(26) C > sup 



-(<?) 



: q E S,r(q) < 2M 
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Figure 3. The result of the theorem is that the margin- 
ally trapped tube A emanating from the outermost marginally 
trapped sphere p* is in fact connected, achronal, and asymp- 
totic to the event horizon Ti, as shown here. 

Remarks. Assumption (|25p amounts to fixing a gauge along S, while (|26p 
poses no restriction on the initial data. 

The constants e and p should both be understood as smallness parame- 
ters. In particular, p should be thought of as being very close to 1, forcing 
mi to be close to M and hence allowing very little matter flux along the 
asymptotically flat end. 

The possibility that A coincides which with part or all of Ti. is included in 
our interpretation of the term "asymptotic." Indeed, there are two different, 
reasonable definitions of what it means for A to be "asymptotic to" Ti. We 
discuss these in the course of the proof and show that A is asymptotic to Ti 
in both senses. 

Finally, although we do not pursue the matter in the present paper, it 
seems plausible that one could remove the requirement that V have a uni- 
formly bounded second derivative on all of R. Instead, one would carefully 
track the range of (j>, showing that it lies in some compact interval which can 
be identified a priori, depending only on the initial data, and then replace 
the uniform bound B with the maximum of \V"\ over this interval. 

Proof. To begin, note that since depend only on derivatives of 4> 

except through the potential V((j)), by translating <ft and shifting the domain 
of V, we may assume without loss of generality that 0+ = and V(0) = 
V'(0) = (cf. Section [23]) . Such a modification has no real effect except to 
simplify the presentation of proof. 

The proof comprises four parts. First we establish the necessary con- 
stants, including e and p and a host of auxiliary parameters. Second, we set 
up a bootstrap region V in TZ in which certain nice estimates hold. Third, 
we show how the statement of the theorem follows from retrieval of the 
bootstrap estimates in V n TZ. And finally, we show that V 7^ and retrieve 
each of the bootstrap conditions in V n TZ. 



First fix e to be any value such that 

1 
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Prescribing p is less straightforward, since its dependence on M, B, kq and 
C is rather complicated. Our definition below does not necessarily produce 
the optimal (sharp) value of p. 

In order to determine p, we first define auxiliary constants a, L, A, k, and 
A. First choose a < 1 sufficiently close to 1 that 

, . e 1 

(30) - < 



and then choose L > sufficiently small that 

(31) e + V2LM < -. 

a 

Set 

9Me L ^/B 3e L / 2 l~L 



(32) A: T • , . 

ZCT^Ko (T V 2Kq 

Next choose A; > 1 sufficiently close to 1 that 

(33) log A; < min{iA- 2 log2, log (§)} 
and the following inequality is satisfied: 

e rr, ~ 7\ i_ 

16M 2 B' 

Note that such a choice is possible by (|30l) . Finally, choose A such that 

(35) 2 < A < 2k 
and, recalling (|26p . such that 

(36) sup<^ — — 
and note that (j33[) and (j35H imply that A < 3. We now fix p such that 



(34) fc 3 (_f= + ^ log 2 log*) 2 < 



: q£S, r(q) < AM } < C, 



(37) max<!— , 1-L(1--),^|>< / 9<1. 



A . , A 2! 2 



Such a choice is possible because (|35p and the fact that <r < 1 together 
imply that the maximum on the left-hand side of (|37p is strictly less than 
1. It is helpful to note that (|28p now implies not only that m\ > pM, 
but also r\ > 2pM, since 2m\ = 2m(p*) = r(p#) = ?r. Two other useful 
consequences of this definition (|37l) are that ^ < fc and 1 — p < L. 

Next we define all the constants needed for the bootstrap argument. First, 
for convenience, set 

(38) R := AM 

(39) t := 
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Note that (|3Tj) implies that £ < L. Finally, define 
(40) 



(41) 

(42) 

(43) 
(44) 



Ci 

c 
c 

a i 



log 2 



4M 



\ P M. 



Now we have the necessary constants in place to define our bootstrap 
region. Let V be the set of all points (u, v) in {r < R} n Q such that the 
following six inequalities are satisfied for all (u,v) £ J~(u,v) fl {r < i?}: 



(45) 

(46) 
(47) 
(48) 
(49) 
(50) 



rd u (f> i 



[u,v, 



d u r 
\<Ku,v))\ 

V(<Ku,v))\ 
a(u, v) 
k(u, v) 
d v r(u, v) 



< 




< 


c 


< 


c 


> 




> 




> 


o. 



where the function a(u, v) is defined as 

(51) a :=m-r 3 V(0). 



The first step of the proof is to show that inequalities (|45p - (|50p hold 
along the curve S Q , where S Q := S PI 1Z PI {r < R} = S H {r\ < r < R}; 
then V contains an open neighborhood of S Q in Q. Since V is a past set 
in {r < R}, i.e. J~(V) n {r < R} C V, its future boundary <9 + V := V \ V 
must be achronal. (Recall that set closures are taken here with respect to 
the topology of the underlying Minkowski space, so in particular, d + V need 
not o priori lie entirely in Q.) 

Next consider a point p £ V fl 1Z. By definition of V, p has the property 
that non-strict versions of inequalities (|45p - (|50p hold for all q £ J~(p)Pi{r < 
R}. Using this property, we shall show below that in fact strict inequalities 
(|45p -(i50l) hold at p. Since strict inequalities (|45p - (l50p must then also hold in 
a neighborhood of p and d + V is achronal, we must have p G V. That is, V 
is closed in 1Z, and hence in 1Z D {r < R} as well. Clearly V is also open in 
1Z n {r < R}. Thus by continuity we have V = 1Z n {r < i?}, and it follows 
that d + V n Q C A. 
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Setting aside for the moment the matter of retrieving the bootstrap in- 
equalities in V fl ft, we now show how the statement of the theorem follows 
from these assertions, i.e. that V = ft D {r < R} and d + V H Q C A. 

It was shown in [13j that if the inequality T UV Q~ 2 < ^ holds at every 
point of A, then each connected component of A is a smooth curve in Q 
which is everywhere spacelike or outgoing-null. Since T uv = ^Q, 2 V(4>) here, 
the inequality becomes 2r 2 V(<p) < 1 in our setting. Now from inequality 
(|48|). we have that a > a\ > everywhere in V, so in particular at points 
in d + V n Q C A we have 

< a = m - r 3 V((f)) = - - r 3 V((f)) = T - (l - 2r 2 V{(f>)) . 

Thus each connected component of d + V n Q is indeed a smooth curve which 
is everywhere spacelike or outgoing-null. 

Consider the connected component of d + V fl Q containing the outermost 
marginally trapped sphere p*. Then p* must constitute the inner endpoint 
of this curve segment; let g* = (u#,v*) denote the segment's other, outer 
endpoint. As described in Section 12.31 we abuse notation slightly to allow 
the possibility that v* = oo. Since d + V n Q is smooth and consequently 
non-degenerate at every point, g* $ Q. Thus q* £ Q\Q, and either v* < oo 
or = oo. 

We wish to show that v* must be infinite, so suppose by way of contra- 
diction that < oo. Since V is a past set in {r < R} and q* £ V, we 
must have I~(q*) D J + (S) C V U {r > R} C K. Let u', v' be such that 
(u#,v'), (u',v*) G S. Now, is the outer endpoint of a smooth, nonempty, 
achronal curve in Q, so the global hyperbolicity of Q implies that the out- 
going null ray to from S to q*, i.e. {u*} x [v',v*), must lie entirely in Q and 
hence in 1Z U A. The ingoing null ray from S to q* need not lie entirely in 
Q, however, so let 

= sup {n G [u, u*] : [u 7 , u) x {v*} C Q} , 

and set g** = (ti«*,?)*). (Note that may equal g**.) Then 7~(g**) n 
J+(5) C J~(g*) n J + (5) C ft, but since Q \ S is open, g** ^ Q. 

Finally, fix a point p £ S PI 7~(g**). By construction, J~(q**) Pi J + (p) \ 
{g**} lies in (VU{r> i?}) n Q and hence in ft U as well. (See Figure 
U]for a Penrose diagram depicting these points and regions.) But since the 
bound (|2ip of Proposition [3] guarantees that g** lies away from the center of 
symmetry of Q, the extension principle formulated in [8], which was shown 
in [7] to hold for self-gravitating Higgs fields with V(x) bounded below, 
implies that q„ £ TZU A C Q, a contradiction. So indeed we must have 

= oo. 

We have now shown the existence of a smooth, connected marginally 
trapped tube A = d + V, which is everywhere spacelike or outgoing-null, 
intersects S at p*, and exists for all v £ [u(p*),oo). The final piece of the 
proof is to show that A is in fact asymptotic to the event horizon H. Now, 
TL is an outgoing null ray {U} x [V, oo), where {(U, V)} = TL(~\S. Recall that 
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Figure 4. If q* does not have infinite v- coordinate, then we 
can find a rectangle J~ (q«)n J + (p)\{q**} C TZ L)A as shown 
and derive a contradiction to the extension principle of [8] . 



r + := sup peW r(p); in fact, since d v r > on H, we have r + = lim^oo r(U, v). 
Furthermore, Lemma 3 of [8j shows that r < 2Mf on Ti, where Mf is the 
final Bondi mass. Then since Mf < M and A > 2, we have r + < 2Mf < 
2M < AM = R. In particular, this implies that the timelike curve {r = R} 
lies in the exterior of the black hole B and tends to i + , never intersecting 
H. Since H C TZ U A and V = TZ n {r < R}, it follows that HcV. Also, 
since <9 u r < in Q, we have r <r + everywhere in J + (TC) n Q. 

We showed above that the outer "endpoint" of the marginally trapped 
tube A is q* = (u*,oo). One way of interpreting the idea that A should 
be asymptotic to TL in this regime is to require that u* = U; then A and 
7i are asymptotic as curves in the underlying M 1+1 . Alternately, perhaps 
more geometrically, one might instead require that linip—^pg^ (r(p)) = r+. 
(One readily computes that r is non-decreasing along A toward (/*, and since 
t < r + on ^4, this limit must exist.) Note that both of these interpretations 
of "asymptotic" allow the possibility that A coincides with 7i for all v > v', 
some v 1 > V . We shall show that A is indeed asymptotic to TL in both 
of these senses; both follow directly from the bootstrap estimates in V and 
equation ([52]) below. 

For the first statement, we argue by contradiction: suppose u* > U, and 
fix a value U < u < u*. By construction, the infinite rectangle [U, u] x 
[V, oo) c V. Now, differentiating (jlOp with respect to u, combining the 
result with equations © and ([7]), and finally solving for d^ v r, we obtain 

(52) d 2 uv r = -\9?r~ 2 [m - r z V(cp)) = 2Kr~ 2 (d u r)a. 

Since r(u,v) < r + in [U,u] x [V, oo) C V, rearranging ([52]) and using this 
bound together with the fact that inequalities ([4*9]) and ([IB]) hold in V, we 
have 

d v log(—d u r) = 2Kr~ 2 ct 

—2 

> 2n\r + ct\ 
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everywhere in [U,u] x [V,oo). For any U < u < u, integrating along an 
outgoing null segment {u} x [V, v] yields 

-d u r{u,v) > -d u r(u,V)e 2Kir + 2ai ^- v \ 

Since [U,u] x {V} is compact, we may assume — d u r(u,V) > b for all U < 
u <u, some b > 0, so for all (u, v) £ [U,u] x [V, oo), we have 

-d u r(u,v) > be 2ftir + 2ai( - v - v \ 

Now integrating this along an ingoing null ray segment [U, u] x {v} for any 
v > V, we arrive at 

r{% v) < r{U, v) - be 2K ' r + 2a ' {v - v \u - U). 

But since u — U > and r(t/, v ) — >„^oo r + < oo, the right-hand side tends 
to — oo as v — > oo, while the left-hand side remains positive, a contradiction. 
So in fact = U, and .4 and W are asymptotic as curves in M 1+1 . 

To show that A and H are asymptotic in the second sense described above, 
we again argue by contradiction: parametrize A by {(u(v), v)}, i>(p*) < v < 
oo — this is possible since A is everywhere spacelike or outgoing-null — and 
suppose that r(u(v),v) — > r + — 5 as v — > oo, some constant 5 > 0. Then 
we again apply bounds (H9j) and (flBj) . integrate (f52l) along the ingoing null 
segment [U,u(v)] x {v}, and use the fact that d v r(u(v),v) = to obtain the 
inequality 

d v r(U, v) > 2Kir^_ 2 a\ (— r(u(v), v) + r(U, v)) 
for all v > V. Taking the liminf of both sides as v — > oo, we have 

liminf (d v r{U,v)) > 2nir7 2 ai (— (r+ — 5) +r + ) = 2nir7 2 ai5 > 0, 

v— >oo 

a contradiction to the fact that lim^oo (r(U, v)) = r + < oo. Thus A and H 
do indeed tend to the same limiting radius as v — > oo as well. 

We have now completed the proof of the theorem except for the bootstrap 
itself. That is, it remains to show, one, that strict inequalities f)45[) - (|5Q |) 
hold along S Q = S H {ri < r < R}, and two, that if non-strict versions of 
(|45p -(j50p hold for all points within {r < R} to the causal past of a point 
(u, v) G TZn {r < R}, then in fact strict versions of the six inequalities must 
hold at p. 

First, from (|52j> . pty . ((57|> . and (|iD ]l . we have Cj > C, so it follows 
from (|36p that inequality (|45p is satisfied on <S . To sgg that (j46p holds on 
S , we apply ([27]), (USD, ®, (J37D, and gH): 

(53) 101 < 4= < -i= = < < ; £ < ^« 

That (|49|) is satisfied along all of S follows immediately from (f25l) and (|43l) . 
And by construction, S Q C TZ, so clearly (j50|) holds on S Q as well. 

In order to see that S Q C V, it remains to show that the bounds (|47j) and 
(|48p are satisfied. In fact, we show something much stronger: that strict 
inequalities (I47h and (|48j) hold wherever a non-strict version of ()46h does. 
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First observe that since V'(0) = 0, the mean value theorem says that for 
any i / 0, there exists £ with < |£| < |x| such that 

V'{x) 



\v"(0\ < s > 

and similarly, since V(0) = 0, there exists £' with < |£'| < |x| such that 
V{x) 



so that 



\V<£')\<B\(?\<B\x\, 
V(x) < Bx 2 



for all x. 

Next, note that flU} and $3$ together imply that C < (l6M 2 Bk 3 )'^ . 
Thus at any point in 1Z n {r < R} where a non-strict version of (|46p holds, 
we compute that 

m - r 3 V(4>) 
mi - R 3 B(f> 2 

{\MfBC 2 

X 3 M 3 B 



a 



> 
> 



> 



pM 
pM 



1 



pM 



2k. 



16M 2 Bk 3 



M 



\p 3 M 



where in addition to 
p < 1). Also, 



> pM - 

> pM - \pM 
= ai, 
Qh we have used (13 



and the fact that p > p 3 (since 



\Vtf)\ 



< 
< 

< 
< 



B\d> 
BC 

B 



1 



AM^/Wk 3 



B 



AM 
C. 



where in the second to last line we used the fact that k > 1. Thus (|47p and 
(|48p hold on S a , since we have already shown that (|46p does. Since the six 
inequalities (|43]) - ([50|) are all satisfied along S , we have S a C V, and V 7^ 0. 



It remains to retrieve (|45l) - (l50l) in V n 1Z. Clearly (|50l) is automatically 
satisfied by definition of 1Z, so the five nontrivial inequalities to consider are 
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We begin with (|49p . To retrieve the desired inequality in V D 1Z, we 
estimate k in two pieces, first using an energy estimate to get a stronger 
bound on S Q U {r = R}, then integrating in u and using the bootstrap 
assumptions to obtain the desired one in V. 

For the bound on {r = R}, first recall that by hypothesis, we have k > kq 
on all of S. Also observe that in the exterior region {r > R = AM}, we have 



(54) 



2m 



> 1 



2M 



2 

A >0 - 



Now, rearranging equation ([5]), we obtain 



(55) 



and integrating along the ingoing null ray [u',u] x {i;}, where the point 
(u,v) £ {r = R = AM} and (u',v) G 5, we apply (|5"4"|) . the energy estimate 
(1231). as well as (f28D, dTTT) , and (Ell), to get 



k(u, u) 



k(w , v) exp 



2m \ / r9 u ^ 
d u r 



d u r ■ 



> kq exp 



> Kq exp 



(A - 2) M J u , 
2 (!-^) 



(A -2) 



-2£/A 



2m \ / rc^ 



5 n r 



d u r(u, v)du 



(u, v)du 



Since /t > kq on 5 and e 2 ^/ A < 1, we thus have k > kq ■ e 2 ^/ A everywhere 
on S Q U{r = R}. 

Now, given any point (u, u) G V D 7?., the ingoing null ray to the past 
of (u, v) must intersect S Q U {r = i?}, say at the point (u",v). Again we 
integrate (f55l) . this time applying the bootstrap inequality (f45l) along with 
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k(u, v) 



= k{u , fjexp 

> k ■ e' 2£/x exp 

> kq ■ e~ 2t / x exp 



K • e 2£ / A exp 



" / rd u <j)\ ( d u r 



U " \ d u r J \ r 



(u, v)du 



C\ log 



r(u, v) 



r(u", v) 



log 2 \ (2p 



21og^ A 



2/V 



= k • e 



-2l/\ 



V2 



Thus we have retrieved and in fact improved (|49p in V Pi 1Z. Separately, 
note also that it follows from (|55p that d u K < everywhere in Q (since k > 
by (llip ). and thus our assumption that k < 1 on S implies that k < 1 in all 
of Q. 



Next, as was shown previously, in order to retrieve (I46p . (I47p . and (I48p 
in V H 1Z, it suffices to retrieve (l46j) . As with (j49|) , retrieving (f46l) requires 
two steps: we first estimate on S Q U {r = i?}, again utilizing an energy 
estimate, then use that bound to obtain \<p\ < C in V n 1Z. 

From (|53p . we know already that < e/V2a 2 M on 5 . To see that the 
same bound holds along {r = R}, we integrate \d u (j)\ along an ingoing null ray 
emanating from S. Suppose (n, v') £ {r = R} and {(u', v')} = S n{v = v'}. 
Then since the ingoing null ray segment [v! , u] x {v'} C {r > R = AM} C TZ, 
integrating d u (f) along it and applying (|27|) . Cauchy-Schwarz, (|54|) . the energy 
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estimate fl23|), as well as (j55]l . (j3T] l. (|5nj) and ([55]) . yields 



< \(j)(u',v)\+ \d u (f)(u,v)\du 

Ju' 

I I \ — i 

< e • r(u , u J 2 



< 

< 
< 



d u r(u, v)du 



d u r 



'l _ 2m) r 2 



(u, u)d£t 



< e • r(u',w)~5 + y/2(M - mi). 



rw Q r 
2 I . —^(U,v)du 



A Ju 



i r 1 



< e 



< 



r(u',«)-5 + a/2(M -mi)^^| 



1 1 

A J1 



a/AM 



A-2 



/2£ 

v/AM V A 



1 



a/AM 

e 

ay/2M' 



e + V2LM 



Thus we have \<f>\ < 



cta/2M 



everywhere along 5 D U {r = R}. 
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Now consider a point (u, v) G VnTZ with past ingoing null ray intersecting 
S U {r = R} at the point (u",v). Then: 



(u,v)\ < 



< 



< 



< 



< 



aV2M 

e 

£ 



+ 



+ Ci log 



r 

r(u", f ) 



+ Cilog( - 



<tV2M 

£ 
£ 



+ 



log 2 



\ 21og( 



• log 



+ A /ilog21og(A 



+ J \ log 2 log fc 



A 

2^ 



where we have used (j45|) . (liOj) . (j21j) and (]37|) . in addition to our bound for 
|</>| on 5 D U {r = R}. Thus ()46p holds everywhere in V D 7Z, and hence so do 
gZD and gSJ. 



Finally, it remains only to retrieve (|45p . Combining equations Q and 
52]) and rearranging terms, we derive 



(56) 



Or 



rd u (j; 
d u r 



2na ( rd u 



+ rnV'ty) - d v (j>. 



Now, the past boundary of V lies in {S n {r\ < r < R})L){r = R}, and since 
{r = R} is everywhere timelike, the outgoing null segment to the past of a 
point (u,v) G V must intersect <S , say at the point (u,v'). Then integrating 
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([56]) along the null segment {u} x [v' ,v] C V, we have 



rd u (, 
d,.r 



(u,v) 



(57) 



(u,v 



+ / e r -^?(«.«)de 1^(0) - (u, w)di 
EC +|^0|) (u,u)du 



2re^ a 

< C+ I 



< C + I 1 - e 



2kiOi 



+ 



4«i a-r / 
S - "^ (f — U) _9 



r 2 n(u,v)dv\\ I (d v cj)) 2 r 2 K 1 (u,v)dv 



< C + 



CR 3 



R 2 



1 4KlQ!l 



-2 



_ CR 3 R 2 (M- mi ) 
< CH h ' 



2K\a\ y 2r 2 Kicti 



where we have used ([36]) . the bootstrap inequalities (09]), ((15]) . and (@7j), 
Cauchy-Schwarz, (f2T]) . the energy estimate ([24"]) . and the fact that k < 1. 
Now, the second term here is 



C7? 3 v^B (AM) 5 



2/ciai 4M 2(i Ko e-^A)(ipM) 

v^BM / A 3 " 



K e 



~ 2 *M \2p 



< ^ Mg2LA ( ^) 

K 



< 



K 
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where we have applied pgjl . pi . (^3]) . (EH]) . (i37j) . and the facts that £ < L, 
A > 2, /c < 1, and A < 3; and the third one is 



l R 2 (M-m 1 ) 



< 



1 (AM) 2 (M - pM) 
2(2pM) 2 (±K e-^M)(±pM) 



A_ 2{l-p)e 2£ / x 
2p V pK 



< 



< 



< 



A cL/2 / 2(l-p) 
ke L l 2 



3e L / 2 



2L 

£7 2 K 

2k ' 

where this time we used (f38]) . (fl3|) . (jMJ), £ < L, X > 2, various consequences 
of (f3TJ) . and A; < |. Thus, resuming from ([57|) . we have 



a 



rd u (, 



d u r 



(u,v) 



„ 9\fBMe L 3e L / 2 
< C+ + 



K 



a 



L 

2k 



A 



< 



< 



' log 2 
21ogfc 



log 2 



= Ci, 

having applied ([32]), (J33|), and ([371). So gSD is retrieved in V CiTl. 



We have now retrieved all of (|l5|) - (j50j) in VPilZ, completing the bootstrap 
and hence the proof. 

□ 
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